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FOREWORD

This report was prepared by Dr. T. Y. Yang, Visiting Scientist in
the Optimization Group, Analysis and Optimization Branch, Structural
Mechanics Division, Air Force Flight Dynamics Laboratory, Air Force
Wright Aeronautical Laboratories, Air Force Systems Command, Wright-
Patterson Air Force Base, Ohio. This work was performed under Project
Nr. 2307, "Research in Flight Vehicle Dynamics," Task Nr. 230705, “Basic

Research in Structures and Dynamics,"

The manuscript was released by the author in December 1976 for
publication as a technical report. The report covers work conducted

from June 1976 through December 1976.
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SYMBOLS
length and width of the rectangular plate finite element
as defined in Fig. 1.
aerodynamic matrix of the panel system

number of boxes in the stream and cross-stream directions,
respectively

Eh3/12(1 - v?), bending rigidity with v being Poisson's ratio
Nx/ﬁzmlzoh, Initial in-plane tension narameter

shape function associated with degree of freedom i
structural dampino coefficient

panel thickness

subscripts indicate d.o.f. number

stiffness matrix of the panel system

wl/V, we/v,_respective1y, reduced frequency

length of panel in stream direction

mass matrix of the panel system

Mach number

receiving box index numbers in the stream and cross-stream
directions, respectiviey

incremental stiffness matrix of the panel system

panel in-plane line forces

(m =), (n - V), respectively

transformed variables of integration based on /2 as reference
length, ug/2 = X = € viZ =y -

speed of undisturbed airstream




LIST OF SYMBOLS (Continued)

W = width of panel in cross-stream direction

wj = downwash velocity at panel surface for d.o.f. “j"

Xs Y = panel coordinates as defined in Fig. 1

Xs Y = x/1, y/w, respectively

Xt I = values of x/e¢ and y/e at centar of box m,n

o = aerodynamic influence coefficient relating the velocity
¢ petential at a box to unit downwash on another box (Eq. 12)
B = -1t

£ = W/Bxs’ box width

£, n = values of x/e¢ and y/e at any point in the sending box

u = panel-air mass density ratio, oh/pt

A, v = sending box index number in the stream and cross-stream

directions, respectively

P = density of undisturbed airstream

o = density of panel

i = length-width ratio of box as defined in Fig. 1

¢j(m,n) = velocity potential at center of box m,n for d.o.f. "j"

¢(m,n) = velocity potential at center of box m,n due to unit
downwash over box X,v

w = frequency of flutter motion

W, = first natural frequency of the panel

Q = (w,/w)?(1 + ig)
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SECTION I
INTRODUCTION

Ever since the earliest days of manned flight, panel flutter has been
known as one of the most important problems in the design of aircraft,
mistiles. launched vehicles, and spacecraft. Extensive progress in wind
tunnel tests and theoretical studies has been achieved. The basic thearies
and an account of the developments on panel flutter can be found in, among
other books, a recent text by Dowell (Reference 1). £ list of keyed
bibliography and collection of some siynificant survey papers and original

papers were prepared by Garrick (Reference 2).

The theoretical solution for a panel flutter problem usually requires
an accurate aerodynamic and structurai theory to formulate a set of complex
eigenvalue equations of wmotion interacted between the panel and the flow.
One of the most common theoretical methods is the modal method where the
aerodynamic pressure and the inertial and elastic forces of the panei are
obtained by assuming the displacements as composed of a number of natural
modes and generalized coordinates. The natural frecuencies and corresponding
normal mode shabes are obtained either thecretically or experimentaily,
or both. Since the finite element method is powerful and practical in the
free vibration analysis of panels with arbitrary geometrical and bhoundary
conditions, it is commonly used in obtaining natural frecuencies and node

shapes in the modal method.

fic an alternative apnroach, the finite element workers have

formulated the matrix of aerodynamic pressure by using the

L s e b



displacement functions as composed ¢f the nodal degrees of freedom and shape
functions rather than the generalized coordinates and natural mode shapes.
Such approach can directly solve for the flutter frequencies and corresponding
normal mode shapes without having to seek the natural frequencies and modes
and choose fhe number of modes before the eigensoiution, and also without
having to compute the flutter mode shapes after the eigensolution., Such
approach permits expression of the equations of motion in an elegant and
straightforward form. Such approach also perwmits generality in panel
configurations and boundary conditions, and allows for flexibility to

accurately include physical effect such as in-piane forces.

The finite element method was first extended to the panel fiutter
probiems by Olson (Reference 3). He formulated the aerodyramic matrix
explicitly for an infinite plate element. 0lson (Reference 4) later
formulated the aerodynamic matrices for two rectangular (12 and 16 d.o.f.)
and an 18 d.o.f. triangular plate elements. Simultaneously, but
independently, Appa and Somashekar (Reference 9) formulated the aerodyramic
matrix for a 12 d.o.f. rectanguiar plate element. Appa, Somashekar and
Shah (Reference 6) later extended their work by accounting for skew panels
and yawed flow by means of coordinate transformation. Sander, Bon, and

Geradin (Reference 7) employed the CQ conforming quadrilateral plate finite

element for flutter analysis of rectangular panels with yawed flow and

in-plane stresses.




In all the above finite element works (References 3 - 7), Lighthiil's
Tinearized piston theory was employed. The Mach numbers considered were
above approximately 1.6. Recently, Yang (Reference 8) developed a finite
element procedure using the exact linearized two-dimensional theory (strip
theory) for unsteady supersonic flow to formulate an infinite plate finite
element by means of numerical integration. The flutter speed considered
thus could be in the lower cupersonic range. Such formulation cannot,
however, be adequately applied to the more general case of rectangular

panels with finite aspect ratics.

In this report, the three-dimensional superscnic unsteady potential
fiow theory 1s enpioyed to formulate the plate finite elements so that the
flutter problems of the finite panels in low supersonic range can be

treated.

The aerodynamic matrix is derived by using the principle of virtual
vork. The aerodynamic forces or velocity potentials that produce the work
are obtained for each d.o.f. by the Mach box method. Tach finite element
is divided into several bores, The aerodynamic influence coefficients
for each pair of sending and receiving boxes are evaluated, for cach d.o.f.,
by the method of Gaussian guadrature. The velocity potential at each
receiving box is obtained, for cach d.o.f., by summation of the product
of corresponding downwash and influence coefficients for all sending hoxes.
It shouid be noted that a similar box method was used by Cunningham (Reference 9)
in conjunction with a Galerkin’s mudad weihod for poncl flutter aralyeis,
Such 3-D acrodynamic theory was also employed by Dowell and Voss (Reference 10)

in a theoretical and cxperimental correlation study of panel flutter.
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The 16 d.o.f. conforming rectangular plate element (Reference 11)
was used for example demonstrations. Flutter boundaries were found for
clamped rectangular panels with various aspect ratios. The thickness
ratios required to prevent flutter of an aluminum panel at sea level were
plotted for Mach numbers ranging from 1.05 to 3. Results found are in

favorable agreement with Cunninhgam's solution (Reference 9).

The initial in-plane tensile stresses were then included in finding
the flutter boundaries for a clamped aluminum panel. The thickness ratios
required to prevent flutter of the panel at 25,000 feet altitude were
obtained for Mach numbers ranging from 1.05 to 2.0 for various values of
tension. 1t was found that the dominating flutter mode changed abruptly

as Mach number was varied.




SECTION 11
FORMULATION OF ENUATIONS OF MOTION 3

The free vibration equations of motion for a finite element panel
subjected to the effect of stiffness, in-plane force, inertia, and ]

aerodynamic pressure may be written as

1
[K]{q} + [NJ{q} + [M](g} + [Al{q} = (O} (1) :
]
where [K], [N], [M], and [A] are, vespectively, the stiffness, incremental ?
stiffness, mass, and aerodynamic matrices assembled for the whole finite ;
element system. The vector {q} contains the nodal degrees of freedom for §
the whole panel system. In this section, only the system aerodynamic ‘
matrix is formulated.
1. PRINCIPLE OF VIRTUAL WORK
For a system of plate finite elements, the deflection and aerodynamic
pressurce may be written by separating the time and space variables as,
2(xy,t) = z0nyle’™t
(2)
- iwt
px,y,t) = plx,y)e™
where the coordinates are defined in Fig. 1.
The strain energy for the panel system is ecqual to the work produced
by the aerodynamic pressure
(3)

c
\
naj—

JJ 2(x,y)p{x,y) drdy
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The deflection function for the total finite element system may be assumed as

N
2(x,y) = ) fxy)a; = (F) g (4)
RSRN J
J
whare fi(x,y) represents the assembled shape function corresponding to the
nodal d.o.f. ”qj“ and N is the number of degrees of freedom for the entire
panel system. Usuaily, qj represents deflection, slopes, twist, and curvatures

of the plate at the nodal point j.
Similarly, the aerodynamic pressure may be assumed as
N

p(x,y) = } P
J=1

—
[Sa}
—

T
Ax,y)q. = {P
J(x,/)qJ {Pr {qg}

where Pj(x,y) is defined in Eq. (8) as the pressure function associated with

the shape function fj(x,y) and d.0.f. ”qj'”

Substituting Eqs. (4) and (5) into (3), the strain energy expression

becomes

QY [Ag) (6)

Nl._a

viith

11 dxdy (7)

[A] jf (F3(P

Using the principle of virtual work, it can be interpreted that Eq. (7]

yields the acrodynamic matrix,
2. ACRODYHANIC IRTRIXY AND ALRODYNAMIC PRESSURE

The acrodynamic perturbation pressure is obtained from the linearized

three~dimensional supersonic unsteady potential flow theory. Nhen associated




with the d.o.f. “qi” and the shape function fj(x,y), the perturbation

pressure may be expressed in terms of the velocity potential tiirough the

relation (see, for example, Ref. 12),

- Wi e 8
F}(x,y) = - %!(;;l 1 %“ ¢j> (8)

where ¢j is the velocity potential asscciated with d.o.f. “qj"'

The cocfficient for the ith row and jth column of the aerodynamic
matrix [A] is obtained by substituting Eq. (8) into Eq. (7).
ad .
R T . ¢ - , =
Ay w5 Gt g aena) (9)
Performing integration by parts and assuming restrained trailing edge,

£q. (9) becomes
of . _ ,
AL = BV U o (—= - i 9% £)d(aR)d(wy) {10)
where the quantity within the parentheses is the complex conjugate of the

downwash ratio fcor unit d.o.f. ”qi“ and unit panel length. The coefficient

Aij is evaluated numerically through the following simple summation

= 2Ly gt - G5 ;) (hox Area) (1)

where the sunmation is to be made for every box and the quantities related
to ¢ anu f1 are evaluated rumerically at the center of each box. The method
for numerically evaluating the velocitly potential at the center of each box is

given as follows.

8




3. VELOCITY POTENTIAL AND AERODYNAMIC INFLUENCE COEFFICIENT

The method of Mach box as employed by Cunningham in Reference 9 is
used here to derive the aerodynamic influence coefficients between each

pair of boxes and the resulting velocity potentials at each box.

In this method, each finite element is divided into several equal-size bexes
as shown in Fig. 1. The numbers of boxes in the stream and cross-stream directions

are defined as B, and Bxs’ respectivaly. The width and lengih of each box are

X
defined as e and te, resnectively, where v = W/Bxs and 1t = LRXS/HUX. Tha boxes
are nunbered in sequence frowm the origin with @ {or %) and n {or v) as the box

number in the stream and the cross-stream directions, respectively. The numbers
(m,n) and (»,v) refer to the receiving and sending boxes, respectively.

The boxes are assumed as sufficiently small so that the downwash over any
sending box is considered as uniformly distributed at any instant, and the
resulting perturbation pressure at the center of each receiving box repreéents
the average of the pressure distributed over the box.

The velocity potential at the center of a receiving box (m.n) due to 2
uniformly distributed but otherwise unspecified downwash w(i,.) over the sending

box (A,v) can be expressed, for harmonic motion, as

(r,s) (12)

¢(m,n) = ¢ w(k,v)u¢

where the relative locations in stream and cross-ctream directions, respectively,
between the two boxes ars defined as r = - A and 5 = n - v, The aerodynanic

r . Y o I PR oB R . S SR - ~
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12§ n L
Uy sram v v v, cos[=i(u2-va)?] -1
a (rys) = %F-J e 1(3"/')u{cos ! %L - cos! e J “M‘ - dv}du
¢ <ty v, (u? - v?)2
(13)

where ¢11 the parameters are defined in the {ist of Symbols.
In Eq. {13), the surface integration limits Uys U,y vy, and v, result in

only three different forms 1., IG"’ and 1

a1 as shown in Fig. 2.

G3
The first furm is for any portion of a sending box (*, v)cut by both sides of

the Mach cone so that v, = -vy = u and s = 0.
I N RS T E5YED RS
IGl = ?'Ju e JO(ET U)dU (]4)
1

where Jg is the Bessel function of the first kind of order zero.
The second form is for portions of a bex cut by one side of the Mach cone so

that the limits v, = uend vy =25 = 1 > 1.

- r
a2 = 7= Jo® s ot

The third form is for boxes that are completely within the Mach cone and
also for portions of boxes ahead of the point where the Mach line culs the side

of the box,

Ao N

- 148! -
Uy ity oy, v vy cosinrlu-v Y g -
I, = o/ ) cos” ! =+ - cosTh Ly ! 7 dv rdu
G3 2 u u 5 oy
iy, v, (u” - v')
(16)
The complete 4h(r,s) for any one sending box (v,v) consists of IGI’ lG.’ or IG«’

or a comtination of 1. and 1. , orof 1. and I. .
G G L, G

; The types of integrals and

limits of integration for corputing o {(r,s) vor all possible relative localions

of box(x, v)and the Mach cone fromr, nyare given in Reference 9.

10
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The evaluation of the above three integrals 1S carried out through the
method of Gaussian quadrature. In the subsequent numerical examples, three
Gaussian points'are used in both x and y directions Tor computing IG3‘ Five
Gaussian points in both x and y directions are used for computing IG1 and IGz'

Once all possible values of the aerodynamic iniluence coefficient a$(r,s)
are obtained for a certain shape function fj(i,y), the total velocity potential
at the center of a receiving box (m,n) for the downwash associated with the same

shape function is a weighted sum of the ij(m,n) defined in Eq. (32)

A,V
¢j(m,n) = Ve) ) il——~—a—-(i¢(r,s) (17)

The summation is extended over all the sending boxes. The downwash ratios

wj(x,v)/v for a unit d.o.f. "qi" are the total time derivatives of the shape

function f\].(i,)'f)ei‘”t
W. of .
_J_ = ]_ ._...:J_ 1 _(‘9_2’. ;

Once the velocity potentials are obtained for each box for each shane function,

they can readily be substituted into Eq. (11) for computing the aercdynamic

matrix for the entire panel system.

i




SECTION TII

FORMULATION FOR FLUTTER DETERMINANT
IN TERMS OF FINITE ELEMENT SHAPE FUNCTIONS

In the present finite element flutter formulation, the parameters are
so grouped and nondimensionalized that the solution is general enough to
include every parameter. Assuming harmonic motion with natural frequency w,

the equations of motion (1) are rewritten in an element form as

(Q [cl[k] + Fcz[n]] - [c3[m] - ch[A]]}{q} = {0} (19)

S

where @ = w;%/w?2(1 + ig) is the flutter eigenvalue parameter, and

u{2/a)’D . c,

w(ezal?

cl = 5 " =
wy chy
, (20)
L 1 (241
c3 = u{e/a) 3 Cy = (E)B(%)(E;) (35
The element matrix terms are obtained as
1 1 92f, a2f 07f. 92f. A2fF, 92f
- . c ' (Q)h i i \)(}_3_)2 i
Ky [ -2 ~2 b -2 ~2 b =2 =2
3 00 9ax” X oy© sy ax" oy
oo 32f. 8% o 32f. 32f,
v(@)? =L —L 200 - (@) — —Ldrg (21)
ax” 2y 3%3y 3X3y
1 1 sf, of. N af. af. N af. of. N of. af.
g = | [t de g A Sl g (e2)
W 07’0 @x ax X 3y oy X 3% ay X ax dy
1 A o %)
L= f. d
m1J 0 o f1fJ xdy (
. of.
= _.)l 1- - E).g. . 24
Ajy =L ve(a; v Ty (24)
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The shape functions fi(i,i) are uysually cubic or higher order functions of
nondimensional coordinate variables x and y. Their differentiations with
respect to x and y are performed analytically. The subscript "i" indicates
the degree of freedom number with which the shape functicon is associated.
Eqs. (19-24) are suitable for any plate finite element so long as it is a
displacement model with assumed shape functions. According to the state-of-
the-art of the finite element development, the stiffness matrix [k], mass
matrix [m], and incremental stiffness matrix [n] have been formulated
analytically and explicitly for almost every plate and shell finite element.
Only the aercdynamic matrix [A] remains to be formulated and it is to be

obtained by numerical integration here.

Eq. (19) constitutes an eigenvalue problem. The flutter solution is
obtaincd by first assuming o valuc of reduccd fregquency kn’ thon yvarying
the air-panel mass ratio 1/u incrementally and solving for the corresponding
eigenvalues 9 or (ml/m)z(] + ig). When the structural damping coefficient
g changes its value from negative to positive, the panel goes from the stable
region to unstable region, and vice versa. The values of k, and 1/y that
correspond to zero g value define the flutter boundary and the corresponding

mode shape defines the flutter mode. The compiex oigenvalue problem is solved

by using a subroutine ir EISPACK provided by Argonne National Laboratory.

Before performing analysis for each class of problems, a convergence study
by varying the meshes of Mach boxes and finite elements must be made in order
to find the suitable meshes needed for obtaining converged results. Such meshes
depend on the panel geometry, boundary conditions, flow speed, and flutter modes.
However, due to the enormous computations needed for obtaining massive data in
this study, not the finest meshé§ are used. Most of the present results are

compared with those obtained by the modal method (Reference 9) and good

results are obtained.
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SECTION 1V

RESULTS

The 16 d.o.f. conforming rectangular plate finite elements were

employed to demonstrate the present formulation and procedure. The examples
chosen were rectangular panels, stressed as well as unstressed, with clamped

edges. For the unstressed panels, a sophisticated analytical solution

i . e

by Cunningham (Reference 9) using the box method (400 boxes) and Galerkin's

modal approach (6 to 16 modes) was available for comparison.

In all examples studied here, the flutter mode shapes were assumed as
symmetrical about the center chord-line of the panel. Thus, only half of
each panel was modeled by finite elements. 1In all cases, two elements in
the cross stream direction were used for half of the panel. The number of
elements in the stream direction varied from 4 to 10 dependent on the
dominating flutter mode shapes. Each element was divided into 4 by 2 boxes

in the stiream and cross stream directions, respectively.

It is important to note that symmetry does not exist for the mesh of
boxes unless the Mach cone apex is located at the center chord-line of t.e
panel. The boxes on the other (disrecarded) half of the panel can, however,

still be accounted for since their deflection shapes are known by symmetry.

Case 1 Clamped Panels with Various Chord-span Ratios at M = 1.3

The rectangular panels with all edges clamped and chord-span ratios

(e/w) equal to 0, 1/4, 1/2, 1, 2, and 4 were studied for M = 1.3,

14




The resulting flutter boundaries are presented as plots of
each dominating mode with the air-panel mass ratio 1/u as the vertical
coordinate and the stiffness parameter m]f/v as the horizontal coordinate. The
values of reduced frequency Pn or i /V are marked along each curve. The
result ¢ the infinite panel with f/w = 0 are in exact aagreement with those

obtaired by Cunningham, therefore, they are not presented here.

Fig. 3 shows that for the wide panel with £/w = 1/4, the first mode
flutter boundary crosses the second mode flutter boundary. The critical

flutter boundaries are thus dominated by the first mode in the high mass ratio

range and by the cecond mode in the low mass ratio range. A slight amount of

structural damping was also included (g = 0.01). The results agree weil

with those obtained by Cunningham (Reference 9).

The first flutter mode shape (real part) corresponding to point A (kﬁ = 0.635) :
in Fig. 3 is shown in Fig. 4. It is seen that, due to the effect of the 1

flow, the mode is not symmetrical about the cross stream centerline. The

I i

maximum deflection vccurs ai a point behind the center of the panel. The
] i

second flutter mode shape (real part) for the center chord-line of the panel

corresponding to puint B (ky = 1.59) in tig. 3 is shown in Fig. 5. The effect of the

flow that pushes down the front part of the panel is seen.

Fig. € shows that, as the panel width is reduced (¥/w = 1/2), the
firet mode boundary shifts to the left and the sccond mode boundary becomes
the critical flutter boundary. Augain, the results agree well with Cunninghen's

solution,
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Fiqure 4. The first mode shape (real vart) for pannal
corresvonding to point A in Fig. 3

. -

Figuore 5  The sccond mod> shape (real part) for the
center Iine of panel corresvonding to
point B oin Mig. 3
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The first and second flutter mode shapes (real part) corresponding
to points A and B in Fig. 6 are plotted in Figs. 7 and 8, respectively.

They are quite similar to those shown in Figs. 4 and &.

Fig. 9 shows that, as the panel becomes square, the third and fourth
mode boundaries emerge and the third mode boundary becomes the critical flutter
boundary. The results are in good agreement with Cunningham's solution.

The results for the first mode boundary obtained by Houbolt using the piston

theory are also shown in the figure.

The third and fourth flutter mode shapes (real part) corresponding to
points A and B in Fig. 9 are shown in Figs. 10 and 11, re;pectively. The
effect of the flow that tends to blow flat the front part of the panel is

seen.

Fig. 12 shows that, for a long panel with ¢/w = 2, the fifth mode flutter
boundary becomes dominant in the low mass ratio range and the first mode
boundary dominates the high mass ratio range. It also shows that Houbolt's
solution for first mode and this solution are very close. There are, however,
some discrepancies between this solution and Cunninghamn's solution for the
first mode boundary. This may be due to the fact that the stiffness coupling

effect between assuned beam natural modes was uniformly neglected by Cunningham

Such coupling effect can become significant as the chord-span ratio increases.
It should be noted that, due to the limited number of elements and boxes used,

the present results are not the most accurate that this approach can produce.
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Figure 7 The first mede shape (real part) for pancl
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Boin Iig.
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Figure 16  The third mode shape (rcel part) for the
center line of panel corresponding to
point A in Fig. 9

1

1

%

Figure 1) The fourth mode shape (real part) for the |
‘center linc of pancl corrcecponding to |

volnt B in Iig. 9 i
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The first and third flutter mode shapes (real part) corresponding to
points A and B in Fig. 12 are shown in Figs. 13 and 14, respectively. The
difference between a symmetrical in vacuo first mode and the first flutter

S

moc: with front part blown flat is clearly shown in 4‘9. 13.

Fig. 15 shows that, for a very long panel with ¢/w = 4, the tenth mode
flutter boundary dominates the lower mass ratio range while the first mode
boundary dominates the upper mass ratio range. The discrepancy between the
present solution and Cunningham's solution may be attributed to the same reasons

a2t explained for Fig. 6. Houbolt's solution for first mode boundary is also

shown.

The second and tenth flutter mode shapes (real part) corresponding to

peints A and B in Fig. 15 are plotted in Figs. 16 and 17, respectively.

"

Case 2 Clamped Panel with ¢/w = 2 at Various Mach Numbers

A Clayxxd panel with #/w = 2 and with one surface exposed to air stream
with various Mach numbers was studied. One of the main purposes was to establish
a curve for the thickness ratios required to prevent flutter of panel at various

air speeds and at sca level.

The (irst mode flutter boundaries for panedl with ¢/w = 2 and M = 1.05%, 1.1;

1.4, 1.%; 2.0, and 3,0 are shown in Figs. 18, 19, and 20, vespectively. Corresponding
tu ¢ach curve, a dashed parabole is shown, Lach parabola is plotted for the

cquatinn xy = ¢ or {(pi/ohyiw £/V) = &, The censtant C is debendent upon
) !
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Figure 13 The first mode shape (real part) for pancl
corresponding to point A in Filg. i2.

J N __/ \vf\____@‘;

Figure 14 The f1fih mode shape (real vart) for the
center 1ine of pancl corrceaponding to
point B in Fig. 12,
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Figure 16 The second mode shape (real part) for panel corresponding to
point A in Fig. 15,
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Figure 17 The tenth mode shape (real part) for the center line of panel

corresponding to point B in Fig. 15.
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the densities of the aluminum and the air at sea levei, the dimensions of the
penel, the air speed, and the bending rigidity of the panel. The intersectina
point between a pair of dashed and solid curves gives the thickness ratio

h/d required to nrevent flutter of the aluminum panel at sea level. For

all Mach numbers considered here, the first mode flutter boundaries are

critical for the dashed curves for the sea Tevel altitude.

The results are shown in rig. 21. The present results are slightly on

the unconservative side as compared to the results of Cunningham.

Case 3 Pinned-Edge Panels with Various Chord-Snan Ratios at M = 1.3

The panels with simply-supported edges and various chord length-span
width ratios were studied. The flow speed considered was M = 7.3, The
domipating flutter boundaries for panels with o/w = 0.75, 0.5, 7.0, aud 2.0 arve
shown in Figs. 22, 24, 26 and 28, respectively. They are all in good

agreement with ihose found by Cunningham (Reference 9).

Fig. 22 shows that the first mode flutter boundary is the critical boundary

for panels with £/w = 0.25. The mode shape (rcal part) is shown in Fig. 23.

Fig. 24 shows that the second mode flutter boundary 1s the critical
boundary for panels with ¢/w = 0.5. The first and secona flutler mode

shapes {real part) are shown in Fig. 25.

Fig. 26 shows that the third mode flutter boundary is the critical
boundary for panel with &/w = 1.0, The first mode boundary found by
Hedgepeth (Peference W) using the piston theory is also shown in the fiqure.

The corresponding first and third flutter mode shapes (real part) arce shown

in Fig. 27.
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Fig. 28 shows that the fifth mode flutter boundary is the critical
boundary for panels with 2/w = 2.00. The results by Hedgepeth and
Cunningham are seen to be in good agreement with the present results.
The corresponding first and fifth flutter mode shapes (real part) are

shown in Fig. 29.

Case 4 Clamped Square Panels with Various Tension Parameters and Mach Numbers

One of the advantages of the finite element method is that the
effect of in-plane forces can be included in a direct and accurate
fashion. To demonstrate this, a square clamped panel was chosen and
four different tension parameters F = 0.0, 0.1, 0.5, ang 1 were conciderad.

The flutter boundaries were obtained for various Mach numbers.

Fig. 30 shows the dominating first mode flutter boundaries and
the hyperbola for the square, aluminum panel at 25,000 feet above sea

level and at M = 1.1. Four values of tension parameters were included.

The mode shapes (real part) corresponding tG points A (F = 0.01)
and point B (F = 0.1) of the flutiter boundaries in Fig, 30 are plotted
in Figs. 31 and 32. The mode shapes for the case F = 0.5 and 1.0 are

similar to those shown in Figs. 31 and 32. They are thus rnot shown here,

Fig. 33 shows the first and the third mode flutter boundaries
for M = 1.2 and various tension parameters. For aluminum panels at 25,000 feet above
sea level (dashed parabola), the third mode boundarics are the critical
€1

luttar boundaries.  The first flutter mode shapes (real part) corresponding

to points A and B in Fig. 33 arc presented in Figs. 34 and 3%, respectively.

39

e il sl it s it B ke



0.16 \ //
L ledgepeth (Ref. 14) . ///5
0.14- ingham (Ref. 9 B t\ '4/
—— Cunningham (Ref. 9) kg=3.35 O.l ;
/7
O——————0 8 elements or 12 elements 0 6“":’
for half panel U
0.12, o
vl
///
7
7o
0.]0— ///
First Mode —7‘
4 { 8 elements) [‘/ |
~ 0.58 .03,
— /7 R
o) /!
r—10.08“ !
F«
<
=t
(VR |
n
X ’
--0.04-
| oo
0.04. de )
ments ) ?!
r
0.03 !
- ! -
/‘ I 7
T _ 1 ! il : ! i
0.1 0.2 0.3 0.4 0.5 0.6 0.7 }
STIFFNESS PARMICTER @ 4/
Figure 28 I'lutter boundaries for pinned-edyge pancl with ;
Qi =2 and M= 1.3. 1
40




At Point A J//// /////

i
{
At Point B ]
{
i
|

x\\\\\_"//}///,f:i\\\\\\\\\\._#////////,‘-\\\\S\\\H‘-—"//,' 41318{23 %

Figure 29 The First Mode Shape ( Real Part ) for Panel Corresponding to
Point A in Fig. 28 and the Fifth Mode Shape ( Real Part ) for

o P . . - [P . S ~n Dl 2 4 -3
the Cenier Line of Tanzl Coviesponding to Point B in Fig, 28,

4]

et Bt



b mtioisids .

1

0.18 \

0.16

0.14 +

0.12 L

0.10 |
.
.
=0.08 |-
<
j \__First Mode
g 2 0.5 {8 elements)
T0.06 L

- Aluminum Panel
~ at 25,000 ft.
\\
0.04 | N
STABLE
0.02 L
1 - A 1 1 | I . | 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
STIFFNESS PARAMETER wid/y
Figure 30. Flutler boundaries for clamped vanele of &/w =1.0 with
M= 1.1 and various tension parameterq F.

42




w
oy
o
el
(@4
,~
el
el
[>Y]
i
=l
@
R
-
—
-
o
-3
-
o
-3
]
=
()
(=)
=}
=
o
v
=
[o)
>
[ W
.
=
[Im]
o+
(@]

Fiqgure 21 Tne First i
Point A in

BAR

(R DUV . . . e R UUR S S U Yo [

Figure 32 The First Mode Shapel(Real Part) for Panel Corresponding to
Point G in Fin, 30,

el B 1 e



MASS RATIQ /W

0.18 T —
)
} O————0 First Mode
) i
0.16 | Ommmn © Third Mode
I
]
‘;"‘“'“F'O 5
0.14 1 ‘ F=0.1
|
]
t
(]
0.12 L {
| AAD.628
[
}
0,10 !
!
[}
; ! STABLT
L08 |- ' -
X o ——F=(), 01
I
]
]
0.06 | ! ]
| Vo UATuminum Pane?
? / | \ > at 25,000 ft.
/ ; \ ~
;i \ ~ o
0.04 |- / | ‘. >~
i |
| {
| '
[ 1
0,02 | 0.3 '
] ]
(-'1)1,. 02 [ !
- ’ ]
1 []
1 ' l i | 1
0.3 0.4 5 0.6 0.7

Figure 33

STIFTNESS PARAMUTER W, /v
Flutter boundaries for ciamprd panpls of @/w=1.0 with
M=1.2 and various tecrsion paramciers P




D

——

F

igure 34 The First Mode Shave(Real Part) for Panel Corresponding to
Point A in Fig. 33,

Figure 35 The First Mode Shape (Real Part) for P:nel Corresponding to
Point B in Vig. 33,




Tne third fluttey mode snapes (veal part) for the center chord Yines

corvesponding to points €, 0, E, and 7 are shown in Fig. 36.

Fig. 37 shows the tirst mode flutter boundaries for M = 1.3 and the
third mode flutter boundaries for M = 1.3, 1.32, 1.35 for various values
of tension. The flutter boundaries are domivated by the third wade. Since
the tlutter mode shapes are similar to those shown in the previous figures,

they are not presented here.

Fig. 3% shows the Tiutter boundaries for W = 1.4, 1.45. 1.48 and
verious tension pavameters. The £hird wede flutier boundaries shift {o the
right as the Mach number increzses, It is interesting to see that the top

portions of the third mode flutter boundarics begin to bend down to the left

a5 the Mach number 1increases.

Fia, 39 shows that tor M = 1.6 and various values of tension, the

WP

third mode flutter boundaries continue to bend down vapidly with a slight

increase in Mach nmusber,

Lk ki

Figs. 40 and 41 show that for M = 1.52 and 1.54 and various v.lues

of tansicn, the third mode flutter Luundarics bend down substentiaily o

be small Joops. They only dominaie the lower range of the mass ratio.

Fig 42 shows that for M = 1.6, ali the third mode fiutter boundarics

cran ke i e i Al i S o i

disappear and the first mode fiutter bounderies once ugain become the oriticai

~

boundaries. Such a phenomenon is also the case for M = 7.0 as shown in

Fig. 43.

Also shown in Figs. 27-43 are the dashed paraibglas for an aluminum panc’

av ¢5,C00 feet asbove sea level.
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By collecting all the intersecting points between the dashed parabolas
and the critical flutter boundaries in Figs. 30, 33, and 37-43, the results
for thickness ratios required to prevent flutter of the panel are shown

in Fig. 44 for various values of Mach numbers and tension.

In Fig. 44, the critical flutte: boundaries were dominated by the
third mode in the Mach region between approximately 1.2 and 1.5. For other
lower and higher Mach regions, the first mode flutter boundaries . ate.
The sharp drops in the curves are due to the abrupt changes in ¢ - .1

filutter modes.

The beneficial effect of introducing in-plane tensions to reduce the

required panel thickness to avoid flutter is clearly demonstrated. Fig. 44

should be of valur to panel flutter analysts and designers.
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SECTION V

CONCLUDING REMARKS

A basic finite element procecdure for panel Tlutter analysis has been
developed and performed with examples. The foliowing concluding remarks

may be made.

(1) The three-dimensional supersonic unsteady potential flow theory
was employed. This theory allows the treatment of panels with finite aspect
ratio. It is particularly advantageous at low supersonic range (1 < M < vZ
for panels with chord-span ratio Tess than one, when the piston theory does

not give salisfactory resuits.

(2) The finite clament method offers a set of elegant and straightforward
gigenvalue equations. It can be used directly to solve for flutter frequencies
and mode shapes without requiring the natural vibration frequencies and mode
suapes before the cigensolution, and also without requiring the computation

ot mode shapes after the eigensolution.

(3} 1T the modal method is used in panel flutter analysis, one cculd
25¢ the natural freguencies and modes found by the finite element method.
Such procedure is, however, basically different from the present finite

element mett

(4) The formuletions here (Lgs. 19-24) are general. They are readily
appliceble to any plate finite etement displacement model whose shape functions

ave vnoon,




(5) The present results agree well with Galerkin's modal solution

by Cunningham.

(6} The critical flutter boundaries for a square clamped panel

c¢hange modes abruptly as the Mach number is varied.

(7) Fig. 44 clearly demonstrates the bereficial effect of in-plane

tensions.

(8) The present development may provide a basic finite element procedure
for panel flutter anaiysis. The present results may provide useful data to

the flutter analysts and designers.

(9) A Togical next step appears to be the development of a method
using triangular plate finite elements combined with triangular Mach boxes.
Such development will be of great value to the flutter predictions of wing

panels with arbitrary configurations. It is suggested that the triangular

element developed by Bell (Reverence 15) be used.
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APVENDIX

THE COMPUTER PROGRAM

T2 Jdescripcion and listing of the computer program are provided in
ihis appendix. The flow chart is given on pages 69 and 70. The procedure
for input is given on pages 62, 67, and 68. The uce of the program is
demonstrated by considering an example of a square clamped panrl with

k2 = 0.5, M=1.2, and F = 0.1, Both input and output data are provided.

The stiffness, mass, and incremental stiffness matrices are based on
the known explicit coefficients. These coefficients are read in as input
data given on pages 63-66. The program uses the subroutine EISPACK for

solving the genera! complex eigenvaiue equdtions.
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INPUT DATA

1. Control Card (2F5.2, 713, 4F7.4) !

Columns 1-5
6-10
11-13
14-16
17-19

20-22

23-25

26-28
29-31
32-38
39-45
46-52
$3-59

Panel chordwise length (XL)

Panel spanwise width (YL)

Number of elements in chordwise direction (NX)
Half number of elements in spanwise direction (NY)

Number of boxes in streamwise {or chordwise) direc-
tion for one element (IGX)

Number of boxes in cross-streamwise (or spanwise)
direction for one element (IBY)

Totag number of degrees of freedom for the panel
{NXD

Number of nodes in streamwise direction (NDX)
Number of nodes in cross-streamwise direction (NDY)
Structural damping coefficient (SG)

Mach number {MACH)

Starting value for the mass ratio range (MUO)

Increment for the values of mass ratios (XINCR)

2. Element matrix cards (Bl4, 212, 214, 216)
Read in the data given on pages 63-66.

P et 3 T S e sy BB A A e e b e e - it e . TP B
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DATA INFPRMATIPN FPR QQ(1.J), QM(I,J) and QN(I,J), continued ...
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3. Element Cards with the boundary condition code at cach node (2213).

Columns 1-3 The sequence number for the element

4-6 The starting matrix row position for the ‘
degrees of freedom at nodal point I (10(1))
7-9 The starting matrix vow position for the
degrees of freedom at nudal poin’ J (1D(2))
10~12  The starting matrix row position for the
degrees of freedom at ncdaal point K (1D{3))
13-15  The starting matrix row pasition for the
degrees of freedom at nodal point L (1D(4))
16-18  Beundary condition cods tor deflection
Z at nodal point I (w(1))
19-21  Boundary condition code for Z _ at nodal
X WX ,
point I (w(2))
22-24  Boundary condition code for Z y at nodal
point 1 ’ (w(3))
Z5-27  Boundary condition code for 2 _  at nodal _
point I a4 wi(d))
28-30  Boundary condition code for Z at nodal i
point J (w(5))
< 31-33  Boundary condition code ror Z N at nodal
point ¢ " (w(6))

34-36  Boundary condition code for 7 at nodal
point J »Y (w(7))

37-39  Boundary condition code for Z wy ot nodal '
point J Xy (w(8})

40-42  Boundary condition coce for 7 at nodal
point K (w(9))

43-45  Boundary condition code for 2 < at nodal

point k i {(w{10)) )

3

46-48  bBoundary condition codw for 7, at nodal :
point ¥, ) (w(11))

49-53 Boundary condition code far 2 “y at nodal i
point ¥ s (w{12))

£7




52-54  Boundary condition code for Z at nodal

point L {w(13))

£§5-57  Boundary condition code for Z _ at nodal
point.L i {w(14))

58-60  Boundary condition code for Z  at nodal ]
point L o {(w(15))

61-63  Boundary condition code for Z at nodal |
point L XY (w(i6)) :

The 'ID' array at I, J, K and L 1s assigned for each element for

I

a specific mesh of the elements of the penel. The permutation for I, J,

K and L. is clockwise and I is corresponding to the origin of each local

element as shown in Fig. 2. If IB(I} = 0, all the degrees of freedom at

node 1 are zero, Same situation is applied for other nodes for the

A minter s et

element. :
The 'w' array defines the boundary condition codes for the degrees of
freedom at each node. If w(l) = 0, the associated degree of freedom is

zerz and if w(l) # O, the associated degree ¢of freedom 15 taken inte

account.

£&
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